Abstract. In this paper, we present entropy satisfying schemes for solving an integro-differential equation that describes the evolution of a population structured with respect to a continuous trait. In [P.-E. Jabin and G. Raoul, J. Math. Biol., 63 (2011), pp. 493-517] solutions are shown to converge toward the so-called evolutionary stable distribution (ESD) as time becomes large, using the relative entropy. At the discrete level, the ESD is shown to be the solution to a quadratic programming problem and can be computed by any well-established nonlinear programing algorithm. The schemes are then shown to satisfy the entropy dissipation inequality on the set where initial data are positive and the numerical solutions tend toward the discrete ESD in time. An alternative algorithm is presented to capture the global ESD for nonnegative initial data, which is made possible due to the mutation mechanism built into the modified scheme. A series of numerical tests are given to confirm both accuracy and the entropy satisfying property and to underline the efficiency of capturing the large time asymptotic behavior of numerical solutions in various settings.
1.
Introduction. This paper is motivated by the work of Jabin and Raoul [20] , in which a direct competitive selection model was investigated. The model for x ∈ X ⊆ R d is given by
b(x, y)f (t, y)dy f (t, x) for t > 0, x ∈ X, (1.1a) f (0, x) = f 0 (x), x ∈ X. (1.1b) This is an integro-differential equation that describes the evolution of a population of density f (t, x) structured with respect to a continuous trait x, and X is a subset of R d . In this model, the reproduction rate of each individual is determined by its trait and the environment, therefore leading to selection. Existence of regular or measure valued solutions is known, provided that the coefficients have enough regularity (see [13] ). We refer the reader to [6] for a theory of well-posedness in measures for some structured population models including (1.1).
The model (1.1a) has been derived from random stochastic models of finite populations (see [7, 8] ), with an additional mutation term. And such a model or its 
where the notation · b is defined later in (4.8).
Another task of this work is to provide an independent algorithm to compute the discrete ESD so that (1.4) is well defined.
Under reasonable assumptions we are able to prove that the problem of finding the discrete ESD is equivalent to solving a quadratic programming problem:
where H is a convex function determined by discrete data obtained from a and b.
For initial data not necessarily positive, the scheme leads only to the ESD restricted on a set of computational cells and zero in the complementary set. To capture the global ESD for general nonnegative initial data we propose a two-step algorithm: the modified scheme for the first step is of the form
where
together with proper corrections near boundary cells. We remark that since any strictly positive initial condition implies the convergence of the solution to the global ESD, one may adopt an alternative way to make the initial condition strictly positive, say with a small lift f 0 j + . However, in structured population dynamics, the spreading of an initial density is often realized through mutations, which motivated the above two-step algorithm.
We finally test the efficiency of numerical schemes proposed and analyzed herein for positive initial data and initial data not strictly positive, respectively. Numerical results include not only the case that the fittest traits are selected while the others become extinct but also the continuous distribution of traits. For the first case, random initial data, if used, represent all traits appearing in the initial populations in the sense that populations do not possess well-separated traits, but a finite number of subpopulations with well-separated traits will emerge with the evolution of time, namely the appearance of clusters. The results we have obtained are in excellent Downloaded 06/28/15 to 129.186.1.55. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php agreement with the analysis of the schemes proposed and display various patterns produced from the selection dynamics of the model. The rest of this paper is organized as follows. In section 2, we first recall the known theoretical results for model (1.1) and then present the one-dimensional semidiscrete finite volume scheme and the associated steady states. Section 2.3 is devoted to both existence and uniqueness of the discrete ESD, through the equivalence between the problem of finding the ESD and the associated quadratic programming problem. The efficient computation of the ESD can then be carried out by any well-established quadratic programming solver. With the ESD well defined and efficiently computed, we use the discrete relative entropy to prove that the semidiscrete scheme satisfies the entropy dissipation inequality under some relaxed conditions on the discrete coefficients. Section 3 is devoted to a fully discrete scheme, which derives from a semiimplicit time discretization of the semidiscrete scheme. The scheme is easy to compute and has desired features under an appropriate restriction on the time step. Section 4 consists of a natural extension to multiple dimensions. Moreover, the time-asymptotic trend towards the ESD is rigorously justified for any nonnegative initial data. In this respect, the ESD is restricted to cells in which a initial data are positive. In section 5 we discuss how to obtain the global ESD even when the initial data are not strictly positive. The idea is to use a two-step algorithm: in the first step we process the given data by a modified scheme, in which a certain mutation mechanism plays a role of spreading the data. After all solution values become positive, we return to the original scheme to continue the simulation. Section 6 is devoted to extensive numerical tests of the proposed schemes. Finally, some concluding remarks are presented in section 7.
2. The numerical scheme. We first review the known theoretical results about problem (1.1) and then present a semidiscrete numerical scheme to solve it.
Existence and time-asymptotic convergence.
We first recall a general existence result obtained in [13] for problem (1.1): for any nonnegative initial data f 0 ∈ L 1 (X), there exists a unique nonnegative f ∈ C([0, ∞); L 1 (X)), provided that X is a compact subset of R d , and both a and b satisfy
However, the main result in [13] is stated with the stronger assumption that a and b are in W 1,∞ . As shown by Desvillettes et al. [13] , under assumption (2.1) the total population X f dx remains bounded from below and above. The assumption (2.1) can be somewhat relaxed (in particular if X is not compact, for example X = R d ). In order to investigate the long time dynamics, the authors in [20] impose an additional assumption on b,
where M(X) denotes the set of Radon measures in X. Note that (2.2) is automatically satisfied for g ≥ 0 because of assumption (2.1b). However, since there is no sign condition on g in (2.2), it is stronger than (2.1b). Assumption (2.2) together with the boundedness of b in (2.1b) is also justified for a weighted norm [20, page 498] ). With this norm and the assumption that F (0) < ∞, the solution is shown to converge to an ESD in the above weighted norm as time tends to infinity. However, even for bounded and positive initial data f 0 , F (0) < ∞ holds only when Xf logfdx < ∞, which essentially means thatf has to be a continuous equilibrium. On the other hand, it has been shown by Gyllenberg and Meszéna [18] that the steady states are generically finite sums of Dirac masses-hence singular ESD. Convergence toward a singular ESD is more complex and has been shown in [20] when some additional symmetry is available on b; for example,
2.2. The scheme formulation. We begin with the one-dimensional setting for X = [−1, 1] to illustrate the main ideas and steps. Partitioning X into subcells
In order to capture the concentration of the distribution, we consider a finite volume-type approximation. Let f j (t) denote the approximation off
then taking the interval average of (1.1a) over x ∈ I j gives the following semidiscrete scheme:
For a fixed N , one can think of (2.4) as a Lotka-Volterra ODE system, which has been well studied in the literature. We refer the reader to [9, 19, 31] and the references therein for more details about such systems. As a nonlinear dynamical system, the large time behavior of solutions to (2.4) is closely related to the stationary statesf satisfyingf
Clearly, there are many steady states as such. We are interested in the discrete ESD and the long time behavior of the numerical solution under assumptions (2.1), (2.2), and (2.3). These assumptions with a simple verification lead to the following: 
Note that we do not needb ji to be strictly positive at the discrete level.
Remark 2.2. The strong competition assumption (2.2) is directly connected to the stability of the ESD. There is no evidence that (2.2) should be satisfied for any particular biological system. Nevertheless, in section 6 we will use both a Gaussian competition kernel b(x, y) = e −α|x−y| 2 and b(x, y) = 1 1+|x−y| 2 in our numerical simulations since the positivity condition applies to these two cases.
With assumptions (2.6b)-(2.6c), B = (b ij ) N ×N is a symmetric, positive definite matrix. Let · denote the usual Euclidean norm of a vector; then
where λ min (λ max ) denotes the smallest (largest) eigenvalue of B and B 2 = λ max . Also we define the l 1 norm by
|g j |h and the discrete b-norm by
Note that we still use · b to denote the discrete norm (2.8) since they are same for any piecewise constant function g(x)| x∈Ij = g j . These relations and notation will be used in what follows.
We first investigate the existence and uniqueness of the ESD under assumption (2.6).
ESD.
If initial data f j (0) > 0 for j = 1, 2, . . . , N, the corresponding discrete ESDf = {f j } may be defined as
Introduce the nonlinear function 
We can show that this problem is equivalent to the following nonlinear programming problem: 
The Taylor expansion of the form
ensures that we need only prove
The positivity of the second term in (2.13), i.e., 1 2 α T Bα ≥ 0, is guaranteed by the fact that B is a positive definite matrix. Putting these together we prove (2.13).
(⇐=) We next prove that f * ∈ S satisfies (2.10) if f * is a solution of (2.11). As argued above, f * being a minimizer of H(f ) in S implies that (2.13) holds true for all f * + α ∈ S. We claim that this yields (2.14)
Using this claim we can prove (2.10
Hence (2.10) is proved. Finally we prove claim (2.14) by the contradiction argument. Suppose
|α| , and let ρ(B) denote the maximum eigenvalue of B, which has to be positive because of (2.13) and
This contradiction verifies the desired claim (2.14). The proof of the equivalence of the two problems is thus complete.
Remark 2.3. The above proof shows that the minimization problem (2.11) may also be replaced by
Hence, we can easily establish the solvability of (2.11) (see [12] ) and therefore of (2.15).
Lemma 2.2. If (2.6) is satisfied, then there exists at least one nontrivial vector g ∈ S such that
We next show the existence and uniqueness of the ESD. Theorem 2.1. If (2.6) is satisfied, then there exists a unique ESD as defined in (2.9).
Proof. The existence of an ESD follows from the equivalence result in Lemma 2.1 and the existence result in Lemma 2.2. Here we present a direct proof of the uniqueness by mimicking the proof for the continuous case in [20] . We argue by the contradiction argument. Assume that there are two nonnegative ESDs,f andg, satisfying (2.9). Then (2.16)
Meanwhile, according to the definition of ESD,
this says that I is both nonnegative and nonpositive according to (2.16) . Therefore I = 0, which indicatesf j =ḡ j for j = 1, 2, . . . , N. Remark 2.4. If positivity of b is not assumed, i.e., B does not satisfy (2.6c), we can still prove the existence of an ESD using the above approach since any solution to (2.11) is necessarily an ESD even if B does not satisfy (2.6c) (see the second part of the proof of Lemma 2.1). Unfortunately, the nonlinear programming point of view is not helpful for finding one among several possible ESD(s 
Theorem 2.2. Assume (2.6) holds, and let f j (t) be the numerical solution to the semidiscrete scheme (2.4) . Then the following hold:
Proof. (i) For scheme (2.4), positivity preserving is a direct consequence from the solution formula
Here the equality f j (t) = 0 does not hold due to the upper bound
Dictated by the definition of the ESD in (2.9) we divide the summation over two
where we have used the fact that
together with (2.6c). The entropy dissipation property is proved.
3. Time discretization. Positivity and entropy properties are both also desired for the fully discrete scheme. We consider the following scheme: This scheme is semi-implicit and linear in f n+1 and hence easy to implement. In addition, the two desired properties still hold under certain conditions on the time step. To proceed, we set the discrete entropy as 
, where S is a monotone, positive function defined in (3.11) . Then the following hold:
n is a decreasing sequence in n. Moreover,
Remark 3.1. Note that in the continuous case F (0) < ∞ would exclude the singular ESD. In contrast, in the discrete case, F 0 < ∞ does include the case when the ESD is singular, though in such cases F 0 ∼ |log h|.
Hence (3.1) gives 
Next, we estimate g n+1 − g n . Note that
where we have used the definition of the ESD in the last equality. Thus,
and we have used (3.5).
We claim that there exists a nondecreasing, positive function S such that 
For Δt satisfying (3.3), and noticing that g n · Bg n ≥ λ min g n 2 and B 2 = λ max , we have
which ensures
By induction, with 4
Finally, we discuss the form of S claimed in (3.8). Set
defined on R + × R + ; then G ≥ 0, and G is convex and increasing in η for η ≥ ξ and convex and decreasing in ξ for ξ ≤ η. Note that
From this we see that either f
in the latter case the monotonicity of G in ξ(≤ η) leads to
Hence, we obtain h f
, with the inverse taken in the domain of [h f ∞ , +∞). We therefore have (3.8) with
The established entropy dissipation property (3.4) ensures the following timeasymptotic result. 1, 2, . . . , d) is the same as the one-dimensional case, and α denotes the multiple index which runs over the following index set:
Let f α (t) denote the approximation of the cell average
We then obtain the following semidiscrete scheme:
In a similar manner, the ESD in the multidimensional case is defined as follows:
Choose a way to reorder the index set Λ into the natural order from 1 to N d ; then this order will give the vectors f andā from f Λ andā Λ , respectively. Correspondingly, this order also generates an
The assumptions (2.1), (2.2), and (2.3) in the multidimensional case also lead to a set of conditions on the discrete coefficients. 
As in the one-dimensional case, we define the semidiscrete relative entropy by
which is shown to be nonincreasing in time, following the same argument as in the one-dimensional case. For the fully discrete scheme we take
The entropy satisfying property of the scheme is quantified by the discrete relative entropy of the form
In order to present a similar multidimensional entropy property, we use the notation
where G is given in (3.10) and increasing in η for
n as implied by (4.7). Hence the same iterative argument applies with S(F n ) defined by
where the inverse is taken in the range of [h d f ∞ , ∞). In the multidimensional case, we define
with which we present the following result. 
Restricted ESD.
From fully discrete scheme (4.6) it follows that if f 0 α = 0 for some α, then f n α = 0 for all n > 0. This suggests that the time-asymptotic trend to the global ESD is not guaranteed for initial data not strictly positive. In order to extend the previous results to the case with nonnegative initial data, we specify a subset Λ s ⊆ Λ. We can define the usual ESDf α for α ∈ Λ s ,
This allows for a discrete entropy over Λ s ,
For all α ∈ Λ, we denote
Clearly, when Λ s = Λ, the ESD is nothing but the global ESD. From this inequality we see that F n s is a decreasing sequence in n and also bounded from below by (4.12); hence the limit of F n s exists when n tends to ∞. Fixed Δt and h > 0, when passing to the limit n → ∞, the right-hand side of (4.16) must converge to zero, that is, (4.14) . This finishes the proof. 6. Numerical implementation and examples.
Computing the discrete ESD.
It has been shown previously that computing the ESD could be reduced to solving a quadratic programming (QP) problem, which is the problem of minimizing a quadratic function of several variables subject to linear constraints on these variables. For general QP problems a variety of methods have been proposed in the literature, including the interior-point algorithm, the trustregion algorithm, the conjugate gradient method, and the active-set algorithm (see [4, 11, 14, 15, 16, 24, 27] ). We shall use the MATLAB code quadprog.m to implement the interior-point-convex algorithm.
We now test the case with
2σ .
This corresponds to widely used standard forms of the input parameters because of their statistical meaning. Kimura [21] was probably the first to derive a Gaussian function as an equilibrium for a structured population model. It is proved by Mirrahimi et al. [25] that for σ 1 > σ 2 there is a smooth steady state which is given by
For σ 1 < σ 2 , the Dirac mass is a stable steady state. This implies that the ESD is either a Gaussian of form G(x, σ) or a Dirac mass of formρδ(x). This is numerically confirmed by using the quadratic programming algorithm as stated above. We use a 3-point Gaussian quadrature rule to generate the discrete dataā j andb ji .
The numerical results are shown in Figure 1 , which indicates that the ESD is a Gaussian function for σ 1 = 0.05 > σ 2 = 0.01 but a Dirac mass concentrating on 0 for σ 1 = 0.01 < σ 2 = 0.05. These are in excellent agreement with the theoretical results in [25, Proposition 3.1].
6.2. One-dimensional tests with positive initial data. This section presents several numerical tests to illustrate both the accuracy and the capability of the scheme (3.1).
Recall that the positivity of b in (2.2) when b(x, y) = K(x − y) is equivalent to the positivity of the Fourier transform of K; see [20, page 502] . In addition to the Downloaded 06/28/15 to 129.186.1.55. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Table 1 Errors and the convergence orders of the numerical solution on uniform meshes of N cells. Gaussian kernel, we also use K = 1 1+x 2 . In fact, with a simple calculation using the Cauchy integral formula in the complex plane, one obtains
Therefore, the b used in (6.2), (6.5), and (6.7) satisfies the positivity condition (2.2) as required. Example 1 (accuracy and entropy test). Following the setting used in [22] , we consider
which when combined with the 3-point Gaussian quadrature rule gives the needed discrete data,ā j andb ji . For initial data given by (6.3) f 0 (x) = 0.5(sin(100x) + 2), the initialization is by its cell average,
This evaluation is also carried out by the 3-point Gaussian quadrature rule. Let f 
respectively. In our simulation, the numerical solution of 2560 cells is taken as the reference solution. Let the final time T = nΔt; the accuracy of numerical scheme (3.1) at T = 1.0 with time step Δt = 0.01 is given in Table 1 , which confirms firstorder accuracy. Here the choice of Δt may be determined according to the bound in Theorem 3.1. Actually, Δt can be taken slightly larger as long as time-asymptotic convergence is obtained. Table 2 gives the temporal change of the relative entropy The comparison of the time-asymptotic trend to the ESD is shown in Figure 2 . Clearly, the asymptotic convergence is faster with initial data (6.4), which is less oscillatory. Example 3 (large time behavior with Gaussian data (6.1)). For a, b given in (6.1), we test the time-asymptotic convergence to equilibrium with random initial data. The results given in Figure 3 are as expected, modulo a rather slow convergence for the case of σ 1 > σ 2 . Indeed, in [20, Proposition 1.7] the authors proved the convergence rate of logt t for some a, b including (6.1) with σ 1 > σ 2 . Example 4 (large time behavior with data (6.5)). We consider a, b of the form
This choice was investigated in [13] to illustrate both the speciation process and the branching phenomena, depending on the range of A.
The numerical results with initial data (6.4) show that the initial data branch into two subspecies for A = 1.5. When A = 2.5, the initial data first branch into two subspecies, and subsequently a new trait appears in the middle which is not induced from any branching. We can also see from Figure 4 that numerical solutions tend to the ESD after sufficiently long time simulation. These results, which may be interpreted as a "speciation process," are in excellent agreement with the theoretical and numerical results obtained in [13] . Example 5 (large time behavior with a general fitness). In this example we consider a general a of changing sign and Gaussian function b as follows:
The time-asymptotic behavior with random initial data is illustrated in Figure 5 , from which we see that the ESD is always zero at points where a(x) ≤ 0, and the numerical Downloaded 06/28/15 to 129.186.1.55. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 
+0.5hc l3 , y β2 + 0.5hc l4 ), and the initial data is similarly generated from the cell average, 
we test the time-asymptotic convergence to the ESD for different a(x), which is shown in Figures 6-7 .
We first consider
which is positive for all x ∈ [−1, 1] 2 . For random initial data, we compute numerical solutions to scheme (4.6) and observe the time-asymptotic trend to the ESD, which is the sum of finite Dirac masses.
We then consider which is a saddle surface, and a(x) < 0 for some x ∈ [−1, 1]
2 . For coefficients (6.7) and (6.9), we test numerical solutions with random initial data and the ESD in Figure 7 , which shows time-asymptotic trend to the ESD, which concentrates on (1, 0) and (−1, 0) where a is peaked. If we use only scheme (3.1), numerical solutions will tend to the restricted ESD, instead of the global ESD; see Figure 8 . In order to observe the time-asymptotic convergence to the global ESD with initial data which is not strictly positive, we first use scheme (5.1) and then use scheme (3.1) to simulate this process. It can be seen from Figure 9 that numerical solutions with initial data (6.10) tend to the ESD. Here we choose n 0 = 400. Downloaded 06/28/15 to 129.186.1.55. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 6.5. Two-dimensional tests with nonnegative initial data. We consider the δ-like initial data concentrating at four points: (6.11) f 0 (x) = 25g(x 1 )g(x 2 ) in four squares centered at (±0.5, ±0.5) of area 0.01; 0 e l s e w h e r e , where g(s) = − cos(10πs) + 1. We test by using scheme (5.6) until n 0 = 200, followed by (4.6) for two cases. First, for coefficients (6.7) and (6.8), the asymptotic trend to the ESD is shown in Figure 10 . The test for coefficients (6.7) and (6.9) is given in Figure 11 .
7. Summary. In this work, we have developed entropy satisfying numerical schemes for solving a nonlocal competition model that describes the evolution of a population structured with respect to a continuous trait. The schemes are easy to implement and feature two desired properties: positivity preserving and entropy satisfying. Some highlights are the following are the following:
• It is shown that finding the discrete ESD is equivalent to solving a QP problem.
• With the ESD on the restricted set of computational cells where the initial data are positive, the relative entropy is well defined and further used to prove that numerical solutions to the fully discrete scheme asymptotically converge to the ESD as n becomes large.
• In order to capture the global ESD for general nonnegative initial data, we adopt a two-step algorithm, which in the first step the initial data is processed by a modified scheme, which contains a certain mutation mechanism. A series of numerical results have confirmed both the accuracy and the entropy satisfying property of the numerical schemes. The obtained numerical results are compatible either in the case when a uniform trait distribution is produced by the model or when concentrations are obtained. It is usually difficult to predict between these two alternatives. The simple numerical schemes presented in this work may be useful in the model prediction.
